Abstract. A procedure is proposed to construct solutions of the double confluent Heun equation with a determinate behaviour at the singular points. The connection factors are expressed as quotients of Wronskians of the involved solutions. Asymptotic expansions are used in the computation of those Wronskians. The feasibility of the method is shown in an example, namely, the Schrödinger equation with a quasi-exactly-solvable potential
Introduction
Fuchsian differential equations (FDE), i. e., homogeneous differential equations with single-valued analytic coefficient functions, play a relevant role in many areas of Physics, Engineering and Statistics. A large class of the special functions appearing in these areas are but solutions of second order FDE. The most studied of these equations is the Riemann hypergeometric equation, that, in its general form, presents three regular singular points. According with the location of its singularities, the equation is known with different names (generalized Legendre equation, Gauss equation, ...). Confluence of two or all three of its singularities transforms the hypergeometric equation in others, with particular names (Kummer, Bessel, Weber, ...), encountered in the solution of a lot of problems.
The next, in order of complexity, FDE is the Heun equation, that presents four regular singularities. Different kinds of confluence of these singularities produce the confluent, double confluent, biconfluent and triconfluent Heun equations. The book edited by Ronveaux (1995) con- Slavyanov and Lay (2000) have considered again the class of Heun equations, in their study of Special Functions as solutions of differential equations with singular points. Confluence reduces the number of singularities, but increases the rank of some ones. Trivial changes of variable allow to locate the singularities at chosen points. We report in Table I the type of singularities and their positions when those equations are written in their usual conventional form .
In almost all nontrivial applications, in which special functions arise, the problem at hand reduces to a boundary value one on an interval of the real axis whose interior points are ordinary ones, whereas one or both of its ends may be singular points of the differential equation. Usually, all but one of the parameters appearing in the coefficient functions of the equation are fixed. Then, the boundary conditions restrict (quantize) the possible values of the free parameter. In the neighbourhood of each end, a pair of independent solutions with a well known behaviour can be chosen. Such pair can serve as a basis to write, by linear combination, any other solution of the differential equation, in particular, that satisfying the boundary condition at the corresponding end. In order to examine the behaviour of this solution at the other end, one has to be able to write each one of the two solutions forming the basis at one end as linear combination of the basic solutions at the other end. In other words, one has to solve the so called "connection problem" for the ends. Articles by Kohno (1974) , Naundorf (1976) , Schäfke and Schmidt (1980) , and Schäfke (1980 Schäfke ( , 1984 , among others, deal with this problem.
In a recent paper (Gómez and Sesma, 2007) we have suggested a different procedure to solve the connection problem for the cases of one of the ends being an ordinary or a regular singular point, and the other an irregular one. Examples of such cases are found in the triconfluent and biconfluent Heun equations, respectively. Our method is mostly inspired by the work of Naundorf, but presents some considerable advantages, from the numerical point of view. Our use of the Wronskians of the basic solutions to calculate the connection factors allows us to avoid having to sum slowly convergent double series like those encountered in the Naundorf's procedure. The purpose of this paper is to extend our method to the solution of the connection problem for two irregular singular points, the DCHE being a typical example of this case.
We start by presenting, in the next Section, the DCHE and its basic solutions in the vicinity of its singular points. Our procedure to solve the connection problem and the corresponding algorithms are reported in Sections 3 and 4, respectively. An example, in Section 5, illustrates the method. Section 6 explains how to test the results of the only nontrivial algorithm. Finally, Section 7 contains a comment about the generality of the procedure.
The double confluent Heun Equation
A complete discussion of the different forms adopted by the DCHE, under appropriate transformations, has been done by Schmidt and Wolf (1995) . We concentrate on what they call normal form (Eq. 1.1.10 of their article)
that, with the change of dependent variable
and the notation
can be written in the form
free of first order derivatives and, therefore, preferable for our discussion because of the fact that the Wronskians of their solutions are independent of z. In what follows, we will assume that we are dealing with a non-degenerate case of the DCHE, that is, that The origin and the infinity are the only singularities, both of rank 1, of the differential equation. We are interested in considering three pairs of independent solutions, namely:
− Two multiplicative solutions (Arscott, 1987) , w 1 and w 2 , that, except for particular sets of values of the parameters A p in Eq. (4), have the form
The indices ν j are not completely defined. They admit addition of any integer (with an adequate relabeling of the coefficients). To avoid ambiguities, we assume that
− Two formal solutions, w 3 and w 4 , that have the nature of asymptotic expansions for z → ∞,
It is usual to say that these two expansions are associated to each other.
− Two formal solutions, w 5 and w 6 , asymptotic expansions for z → 0, of the form
Also these expansions are associated.
The determinaton of the index ν and the coefficients c n of the multiplicative solutions is rather laborious. By substitution of (5) in (4) one obtains the infinite set of homogeneous equations for the coefficients
that can be interpreted as a nonlinear eigenvalue problem, where the eigenvalue ν must be such that
In Section 4 we recall the Newton iterative method to solve that problem. In general, two indices, ν 1 and ν 2 , and two corresponding sets of coefficients, {c n,1 } and {c n,2 } are obtained, but for certain sets of values of the parameters A p only one multiplicative solution appears. Any other independent solution must include powers of the variable multiplied by its logarithm. Such logarithmic solutions cannot correspond, usually, to the practical system that one tries to describe and are, therefore, to be discarded. We will assume, from now on, that the parameters A p are such that the DCHE admits two independent multiplicative solutions. In what concerns the formal solutions, the exponents α, µ, β, and ρ and the coefficients a m and b m of the expansions (6) and (7) must be such that these expansions satisfy the differential equation. One obtains in this way
for the exponents, and the recurrence relations
for the coefficients. The two independent solutions labeled by k = 3, 4 and those by l = 5, 6 correspond to the two opposite values of the square root function in (10) and (11).
The connection factors
Any solution w of the DCHE can be written as a linear combination of the two multiplicative solutions,
Its behavior in the neighbourhood of the singular points can be immediately written if, besides the coefficients ζ 1 and ζ 2 , one knows the behaviour of the multiplicative solutions, that is, if one knows the connection factors T of their asymptotic expansions,
These connection factors are, obviously, numerical constants, but their values depend on the sector of the complex plane where z lies. This fact, known as "Stokes phenomenon" (Dingle, 1973) , introduces a slight complication in the procedure. As it is well known, the connection factor multiplying each one of the asymptotic expansions in the right hand sides of (15) and (16) takes different values in the sectors of the complex z-plane separated by a Stokes ray of the associated expansion. On the ray, the value of the connection factor is the average of those two different ones. In the DCHE, both singular points have rank 1 and, consequently, for each one of the expansions (6) and (7), the sectors delimited by two contiguous Stokes rays of the same expansion have amplitude 2π. In fact, the Stokes rays for those expansions are given by
To be specific, let us assume that the labels {3, 4} and {5, 6} are assigned in such a manner that
Then in the principal Riemann sheet, −π < arg z ≤ π, T j,3 and T j,4 change their values as z crosses respectively the rays arg z = − arg α 4 and arg z = − arg α 3 , whereas T j,5 and T j,6 change at arg z = arg β 6 and arg z = arg β 5 , respectively. Now, we are going to present our procedure to calculate the connection factors. Let {r, s} denote either the pair {3, 4} or {5, 6}. From Eqs. (15) or (16), it is immediate to obtain
where W[f, g] represents the Wronskian of the functions f and g,
There is no difficulty in using the asymptotic expansions (6) and (7) to calculate the denominators in (23). In fact,
The numerators, instead, require a more sophisticated method. Direct evaluation would give asymptotic expansions, containing both positive and negative powers of the variable, which result to be inadequate to obtain precise values of those numerators. But we can benefit from the fact that, whenever one considers not merely a ray, but a sector of the complex plane, an asymptotic power series defines unambiguously an analytic function. Our idea is to write, for each one of the connection factors T j,t (t = r, s), two asymptotic expansions of the same function, one of the expansions containing, as a common multiplicative constant, the Wronskian in the numerator of the expression of T j,t . Comparison of coefficients of equal powers of the variable in the two expansions gives immediately that numerator. With that purpose, we introduce some auxiliary functions and asymptotic expansions, namely
whose Wronskians obey the relations
Direct calculation of the left hand sides of these equations gives the expansions
with coefficients
Now, in order to compare coefficients of equal powers in the two sides, we need to write expansions of the right hand sides of (29) and (30) in powers of z with the same exponents as in the left hand sides. This can be done by using the Heaviside's exponential series (Hardy, 1949) 
with ξ replaced respectively by −α t z and −β t z −1 , and taking δ equal to ν j +µ k and −(ν j +ρ t ). This kind of representation of the exponential function has already been used by Naundorf in his solution of the connection problem. Notice that the restriction | arg ξ| < π prevents the use of such expansions if arg z = − arg α t or arg z = arg β t . But these values of arg z correspond precisely to the rays at which the connection factor to be calculated changes. As we have already said, the value assigned to the connection factor in that situation is the average of its values in the sectors separated by that ray, where the restriction | arg ξ| < π is fulfilled. Following that procedure, one obtains, for z out of the Stokes ray of w t in the principal Riemann sheet,
where the minus sign in front of α t and β t is to be interpreted as e iπ or e −iπ so as to have | arg(−α t z)| < π and | arg(−β t z −1 )| < π. If z lies on the Stokes ray of w t , one has, instead of (36) and (37),
The algorithms
We present in this Section algorithms that facilitate implementation of the procedure sketched above. Its successive steps are considered separately in different subsections
Multiplicative solutions
As it has been already said, we face in Eqs. (8) and (9) a nonlinear eigenvalue problem. Algorithms to solve finite order problems of this kind have been discussed by Ruhe (1973) . The condition (9) implies
that makes possible to reduce, by truncation, our problem (8) to one with n going from −M to N , both M and N being positive and sufficiently large to ensure that the solution of the truncated problem approximates that of the original one. Each step of the Newton iteration method consists in moving from an approximate solution, {ν (i) , c
n }, to another one, {ν (i+1) , c (i+1) n }, by solving the system of equations
that results, by linearization, from (8) and from the truncated normalization condition
Needless to say, the values of c (41) should be taken equal to zero, in accordance with the truncation done. As usual, the iteration process is stopped when the difference between consecutive solutions is satisfactory. Then the process is repeated with larger and larger values of M and N , to obtain a stable solution within the required precision.
The iteration process just described needs initial values {ν (0) , c
n } not far from the true solution. The two different values of ν can be obtained from the two eigenvalues
of the circuit matrix C (Wasow, 2002) for the singular point at z = 0. The entries of that matrix can be computed by numerically integrating the DCHE on the unit circle, from z = exp(0) to z = exp(2iπ), for two independent sets of initial values. If we consider two solutions, w a (z) and w b (z), obeying, for instance, the conditions
and
The two signs in front of the square root produce two different values for ν, unless the parameters A p in the DCHE be such that (C 11 − C 22 ) 2 + 4C 12 C 21 = 0, in which case only one multiplicative solution appears, any other independent solution containing logarithmic terms. The ambiguity in the real part of ν due to the multivaluedness of the logarithm in the right hand side of (44) is eliminated by the restriction |ℜ ν| ≤ 1/2 assumed above. Notice that
and, therefore, ν 1 + ν 2 = 0 (mod 1).
This may serve as a test for the integration of the DCHE on the unit circle. Although Eq. (44) is exact, the C mn are obtained numerically and the resulting values of ν may only be considered as starting values, ν (45) with the already mentioned truncated normalization condition
Formal solutions
The exponents of the formal expansions (6) and (7) are given in (10) and (11). The coefficients must obey the recurrence relations (12) and (13) that are but third order difference equations. The Perron-Kreuser theorem (Perron, 1959) predicts for each one of them a unique (save for multiplication by a constant) dominant solution that can be obtained starting, for instance, with
and using the recurrence relations as they appear in (12) and (13).
To avoid overflows, it may be convenient to deal with the quotients of successive coefficients, that satisfy
Connection factors
For the computation of the connection factors one should make use of Eqs. (23), (25), (26), (36) and (37), complemented by (33) and (34) conveniently truncated. The integer n in Eqs. (33), (34), (36) and (37) may be chosen at will, with the only restriction of being positive and satisfying
Use of different values of n may serve as a test of the procedure. The sums in (33) and (34), truncated and written in terms of quotients of successive coefficients, a m,k /a m−1,k and b m,l /b m−1,l , may be computed in nested form.
An example
A particular case of DCHE on the positive real semiaxis, z ∈ [0, +∞), is the Schrödinger equation
for the reduced radial wave function R(r) of a particle of mass m, angular momentum l and energy E = A 2 2 /2mr 2 0 in a spherically symmetric potential
In fact, by using the variable z and the wave function w given by z = r/r 0 and
the Schrödinger equation (51) adopts the form (4). The potential (52), with some restrictions on the values of the parameters, belongs to a class of quasi-exactly-solvable ones (Turbiner, 1988) . In fact, for the particular set of parameters
it presents an l = 0 bound state of energy E = − (1/4) 2 /2mr 2 0 (Özçelik and Şimşek, 1991). In other words, Eq. (4), with the values of the A p given by (54) and by A 2 = −1/4, has a normalizable solution on the positive real semiaxis. To illustrate the procedure described in the preceding Sections, we have applied it to find global solutions, for z ∈ [0, +∞), of (4) with fixed values (54) of the potential parameters and several values
of the energy parameter. The results are shown in Tables II to V. We report the output of our double precision FORTRAN codes, but, due to roundoff errors, we do not claim that all the digits reproduced are correct. In fact, entries that in the tables appear as having modulus less than 10 −12 should be exactly equal to zero. Table II shows the index ν 1 of the multiplicative solution w 1 . Of course, the index ν 2 of w 2 is the opposite, ν 2 = −ν 1 . The connection factors of both multiplicative solutions with the formal ones are listed in Table III . These factors depend on the normalization adopted for the different solutions. We have taken c 0,j = 1, j = 1, 2, for the multiplicative solutions, whereas the normalization of the formal solutions is determined by
Table IV gives the coefficients ζ 1 and ζ 2 of a linear combination of the multiplicative solutions,
well behaved near the origin on the positive real semiaxis, that is, such that w reg (z) ∼ w 5 (z) as z → 0 + . Finally, Table V shows the connection factors giving the behaviour of w reg at infinity on the positive real semiaxis,
We have already mentioned that the DCHE (4) with parameters as given by (54) and by A 2 = −1/4 possesses a solution,
normalizable on the positive real semiaxis. This fact allows to know the exact values of the connection factors T 1,3 and T 1,5 of the multiplicative solution
Writing (56) in the form
comparison with (57) gives immediately and, having chosen c 0,1 = 1,
The values of ℜ T 1,3 and ℜ T 1,5 obtained with our procedure and reported in Table III coincide with the exact values up to all shown digits. 
A test of the multiplicative solutions
We have described, in subsection 4.1, an algorithm to obtain the multiplicative solutions, w 1 and w 2 , mentioned in Eq. (5). A test of the correct implementation of the algorithm could be to try to reproduce the particular solution of the DCHE provided by the Maple 11 system. The statement HeunD(α, β, γ, δ, t) gives the value at t (|t| < 1) of a function y(t) that obeys the DCHE, written in the Jaffé-Lay form (Slavyanov and Lay, 2000) ,
with singular points located at t = −1 and t = 1, and satisfies the boundary conditions 
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Let us choose, for instance, the parameters α = 4, β = − 3, γ = 2, δ = − 1, for which the corresponding parameters in Eq. (4) The multiplicative solutions, obtained with a double precision FOR-TRAN code, are then those given in Table VI , and the coefficients in (63) giving the w(z) corresponding to the Maple particular solution turn out to be ξ 1 = − 0.48013092979925, ξ 2 = 1.5087428376316.
Final comment
The procedure presented in the preceding Sections referred to global solutions in the interval between two adjacent irregular singular points, of rank 1, of a second order differential equation like the DCHE. It can be trivially extended, however, to the case of two irregular singular points of arbitrary rank. The only changes due to the larger rank of the singularities are in the evaluation of the Wronskians of the pairs formed by each one of the multiplicative solutions and each one of the formal solutions. The steps are analogous to those detailed in a paper (Gómez and Sesma, 2007) dealing with the connection problem for an ordinary or regular singular point and an irregular one of arbitrary rank. Obviously, the series solutions around the ordinary or regular singular point in that reference should be replaced by the multiplicative solutions of the problem at hand. Then, having computed the connection factors of each multiplicative solution with the formal solutions at each singular point, the procedure is the same as described above.
